Let (G, * ) be a group and X any set, an action of a group G on X, denoted as G×X → X, (g, x) → g.x, assigns to each element in G a transformation of X that is compatible with the group structure of G. If G has a subgroup H then there is a transitive group action of G on the set (G/H) of the right co-sets of H by right multiplication. A representation of a group G on a vector space V carries the dimension of the vector space. Now, given a field F and a finite group G, there is a bijective correspondence between the representations of G on the finitedimensional F-vector spaces and finitely generated FG-modules. We use the FG -modules to construct linear ternary codes and combinatorial designs from the permutation representations of the group L3(4). We investigate the properties and parameters of these codes and designs.
Introduction
In coding theory, a linear code is an error-correcting code for which any linear combination of code-words is also a codeword. Error correcting codes have become an integral parts in the design of reliable data transmissions and storage systems often due to the noise present that distorts the transmitted information. Coding theory was pioneered by Claude Shannon after his seminal paper; "A mathematical theory of communication" in 1948 (see [1] ) and R.W. Hamming who wrote the paper, "Error detecting and error correcting codes" in 1950 (see [2] ) where he provided the first examples of error detecting and correcting codes. They introduced a relationship between coding theory and information theory, two previously independent fields of mathematics.
Linear codes can be constructed from finite groups through the modular theoretic approach. The associated permutation modules of the group over the field Fq are determined and thus the subsequent maximal sub-modules. Each of the sub-modules is a q-ary code invariant under the group. This method has been used in the enumeration of binary linear codes from several groups such as P SU4 (2) , P SU3 (3) and L3 (4) as seen in [3] . Further, linear codes can be generated from incidence matrices of the combinatorial designs obtained from the primitive permutation representations of finite simple groups. The combinatorial designs are usually generated from the orbits of the stabilizers of the elements from the set that the group acts on. Some of the codes generated using this approach are from the groups J1, J2 and Co2 (see [4, 5] ).
The construction and classification of binary linear codes from simple groups seems to have received more attention compared to the ternary linear codes as seen in [6, 7] among others. Our primary reference works are the study of linear binary codes generated from the simple group L3 (4) (see [8, 9] ). The projective special linear group L3 (4) is a classical simple group of order 20160 with nine maximal sub groups of degrees 21, 21, 56, 56, 56, 120,120,120 and 280. In an attempt to bridge the gap between the binary and ternary linear codes, we study the ternary linear codes that are obtained from the 3-modular representation of the Group L3 (4)and compare our results with those of the linear binary codes.
We construct the ternary linear codes from the primitive representation of the group L3 (4) under the field GF(3). This method enables us to exhaustively enumerate all the ternary linear codes from the maximal sub-modules of the maximal subgroups of L3 (4) as well as classify them. We further determine the relationship between these ternary linear codes and the combinatorial designs obtained from the support of the code words of the ternary linear codes obtained from the group. Due to their sizes, we work on the maximal subgroups of the degrees 21, 56 and 120. We also present the obtained lattice diagrams which shall provide an insight to the internal properties of L3 (4).
Fundamental Principles
A simple group G is a group with no proper normal subgroups. In 1982, the finite simple groups were classified into four categories; cyclic groups of prime power order, alternating groups of degree at least five, the Chevalley and twisted Chevalley groups and the 26 sporadic groups [10] . The Chevalley and twisted Chevalley groups, also referred in some cases as the classical groups and groups of Lie type are further classified into; linear, unitary, orthogonal and symplectic groups. The linear group, also referred to as the General Linear Groups, denoted GL(V) is the group of all endomorphisms on a vector space V over a field F under addition and composition of maps. The special linear group SL(n,q) is the group of all invertible n × n linear matrices with determinant 1. The projective special linear group, PSL(n,q) is the quotient group of the special linear group and its center, that is P SL(n, q) = SL(n, q)/Z(SL(n, q)) Given a set X, either finite or infinite, a transformation of X is a bijective self-map f : X → X . Such a bijective self-map is called a permutation or an automorphism of X. The collection of all such transformations form a group under composition called the Automorphism group denoted as, AutX = f : X → X|f is bijective. Let (G, * ) be a group and X any set. An action of a group G on X is a map: G × X → X, (g, x) → g.x which satisfies: g1.(g2.x) = (g1 * g2).x for all g1, g2 ∈ G and all x ∈ X and e,g:x = x for all x ∈ X. If G has a subgroup H then there is a transitive group action of G on the set (G \ H) of the right cosets of H by right multiplication. From this it follows that the study of transitivity is equivalent to that of coset spaces.
A permutation group G is transitive on Ω if for all α, β ∈ Ω, there exists an element g ∈ G such that the image α g of α under g is equal to β. The regular representation of a group G is the permutation representation induced by the action of G on itself by left multiplication. The regular representation of a group G over a field F corresponds to viewing FG as a module over itself with the usual left multiplication. Let F and L be finite fields, then, L is an extension field of F if and only if F ⊆ L [11] . We denote the field extension by L/F. An irreducible FG -module over a field F is said to be absolutely irreducible if it is irreducible for any extension field L/F. Any proper sub-module of a finitely generated module is contained in a maximal sub-module.
A linear code generated by a k × n generator matrix G is called an [n, k] code. The elements of a code C are called the code words of the code. A linear code of dimension k contains precisely q k code words. If all the code words are sequences of the same length n, then C is called a block code of length n. For a code C, the dual code C ⊥ = {g|g · x = 0 ∀x ∈ C}. A linear code C is self-orthogonal if C ⊆ C ⊥ and self-dual if C = C ⊥ . Ternary codes are defined over the field F3. The Hamming distance of a code d(u, v), u, v ∈ C is the number of positions in which the entries of two code words in a code differ. The weight of a codeword, denoted as w(x) for x ∈ C is the number of non-zero co-ordinates in the code words. The minimum weight is equal to the minimum distance among all non-zero codewords. If C is a linear code of length n over F n q then any isomorphism of C onto itself is called an automorphism of C. The set of all automorphisms of C is called automorphism group of C, denoted by Aut(C).
1, if the i-th block contains j; 0, otherwise.
is called an incidence matrix of the design. A design is trivial if every k − set of points is incident with a block of the design. It is called simple if distinct blocks are not incident with the same set of k points, self dual if it is isomorphic to its dual and symmetric, if b = v, i.e., its incidence matrix is a square matrix.
Construction and Preliminary Results
In this section, we present existing lemmas and theorems that we use in our work and discuss the methods of constructions used.
Theorem 3.1. (see [12] ) Any transitive action of a group G on a subgroup H is equivalent to the action of G by left multiplication on a coset space G=H. [5] Lemma 3.9. If C is a code, then C is invariant under the group G if and only if G ⊆ AU T (C) Proof. See [17] From the Lemma 3.9 above, it follows that, suppose G is a group, given a representation of the group elements of the group G by permutations, we can work modulo 3 to obtain a representation of the group G on a vector space V over the field F3. The invariant subspaces are then all the ternary linear codes C for which G is a subgroup of Aut(C). Let G be a permutation group of degree n and V the corresponding F3 permutation module, the sub-modules of V are called the G-invariant ternary codes.
Construction method 1
This method is described in [5] . Let G be a permutation group on a finite field F, the G-invariant sub-modules of F can be regarded as linear codes in F (see Lemma 3.8).
Lemma 3.8 sets the baseline for this method where all the sub-modules of the permutation module are required. The decomposition of the permutation module over a field follows from Maschke's Theorem in which case, it can be written as a sum of its irreducible sub-modules. An application of Krull-Schmidt's Theorem further shows that the module of a finite length can be written as a direct sum of indecomposable sub-modules and this decomposition is unique up to isomorphism and the order of the summands. In view of the mentioned results, this method was used in the study of the binary codes generated from L3(4) (see [5] ). Further, using this method, all the binary codes from the permutation representations of the groups P SU4 (2) and P SU3(3) obtained have been completely characterized by Brooke, (see [3] ).
Given a permutation group G acting on a finite set Ω and ρ:
with g ∈ G and x ∈ V , we follow the following steps: First we recognize F3Ω as a permutation module and using Meat-Axe, we find all the maximal F3Ω-submodules. The non-isomorphic sub-modules are then used to determine the lattice diagrams of the permutation module. The sub-modules are the G-invariant codes and therefore, we check their isomorphic and equivalent copies. This method enables us to enumerate all the ternary linear codes obtained from this group. However, one of its shortcomings is that we are unable to find the minimum weights and automorphism groups of the codes with large dimensions.
Construction method 2
This method of constructing linear codes from groups is described in [18, 19] . In this method we construct combinatorial designs from the orbits of the stabilizers of elements from the set that the group acts on. From the incidence matrices of these designs we are able to construct linear codes under various fields Fq. This Method described by Key and Moori [18] is described by the Theorem and Lemma below. Proof. (see [18] ). The group G acts transitively on X and hence it is a 1-design with [G : G△] blocks.
Since △ is an orbit of Gx, Gx ⊆ G△ and given that G is primitive on X, we have Gx is maximal in G, hence Gx = G△, therefore, the number of blocks is n. Further, let g, g ′ ∈ G. Consider △ g and △ g ′ two blocks of D, hence G is transitive on the blocks. If δ g ∈△ g , then G ⊆ Aut(D) and the result follows. Lemma 3.11. If the group G acts primitively on the points and the blocks of a symmetric 1-design D, then the design can be obtained by orbiting a union of a point stabilizer.
Proof. Suppose G acts primitively on points and blocks of the 1 -(v, k, k) design D, let β be the block set of D, then if β is any block of D, β = β G . Thus |G| = |β||G β | and since G is primitive, G β is maximal and thus G β = Gα for some point. Thus Gα fixes β, so this must be a union of orbits of Gα.
We use the above 2 construction methods to enumerate the ternary linear codes and combinatoric designs from L3 (4) . We also discuss the comparison between the binary and ternary linear codes obtained from this group.
Ternary Linear Codes Invariant under L 3 (4)
The group L3 (4) is a non abelian finite simple group of order 20,160. It is the group of all 3 ×3 non singular matrices of dimension 1 over F4 and a subgroup of 15 sporadic simple groups. It has a rich geometric structure that enables study of the interplay between the codes and combinatoric designs. Table 1 below represents the primitive representations as provided in the Atlas of Finite Groups (See [9] ). 
Codes and designs using construction method 1
Using this method, we obtain the FqG-sub-modules of F which shall be the G-invariant codes and with the help of Meataxe, we compute the irreducible representations of L3 (4) . We enumerate all the non trivial ternary linear codes generated from the maximal sub-groups of dimensions 21, 56 and 120. Every conjugacy class of maximal sub groups of L3(4) contains a permutation module over the field GF3. From these permutation modules, we generate a chain of maximal sub modules recursively as every maximal sub-module represents a ternary linear code. This process terminates after obtaining an irreducible sub-module. We then determine the equivalence of the codes represented by these submodules since the dimensions of the sub-modules are those of our codes. Excluding the isomorphic copies, we enumerate and classify all the non trivial ternary linear codes invariant under L3(4).
A 21 dimensional representation
The group G acts primitively as a rank 2 group of degree 21 on each of the orbits 2 4 : A5 with orbits of lengths 1 and 20. The module of dimension 21 splits into two absolutely irreducible constituents of dimensions 1 and 19 over GF3 with multiplicities 2 and 1 respectively. It has only one irreducible maximal sub-module of dimension 1. This is an absolutely irreducible sub module. The 21-dimensional module has one maximal sub-module of dimension 20. This 20-dimensional module has one maximal irreducible sub module of dimension 1.
Remark 4.1. The ternary linear codes obtained from MAGMA using these maximal sub-modules are all trivial unlike the 8 non-trivial binary codes generated from the same representation as seen in [8] .
A 56 dimensional representation
As can be observed from 
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Ternary linear codes from a 56 dimensional representation
From the sub-modules listed above, we obtain 16 non trivial ternary linear codes invariant under L3(4) and their respective duals. In the tables below, we indicate the codes generated, denoting them as C56,i and their duals as C ⊥ 56,i for i = 1, 2, · · · , 16 respectively. We also provide a partial listing of their weight distributions, their properties and the Automorphism group of every non-trivial ternary linear code invariant under L3(4) in the tables below. (v) C56,5 ⊂ C56,9
Our results are summarized below.
Theorem 4.1. Let C56,i denote the ternary codes for i = 1, 2, ..., 16 and C ⊥ 56,i their respective duals for i = 1, 2, · · · , 16. Then, (i) The linear ternary code C56,1 is a [56, 19, 18] 3 self-orthogonal irreducible code. It is not optimal and is at a distance of 3 from optimal. Its dual is the [56, 37, 7]3 code.
(ii) C56,3 is a [56, 20, 18] 3 self -orthogonal code whose automorphism group is L3(4) : 2 2 . It is not isomorphic to C56,6 that has the same properties.
(iii) The Automorphism group of the codes C56,i for i : = 1, 4, 7, 8, 10, 13, 15 and 16 is L3(4).2 3 .
(iv) The Automorphism group of the codes C56,i for i := 2, 3, 6, 11, 12 and 14 is L3(4).2 2 .
(v) The Automorphism group of codes C56,i for i := 5 and 9 is L3(4).2.
Proof. Case (i) The code words of the code [56, 19, 18] 3 have weights all divisible by 3 as can be observed in tables 3, · · · , 7. It ia also clear from the weight distribution tables above that the weights of these code words are divisible by 3. But, it well known(cf. [13] ) that a ternary code is self orthogonal if the weight of all the code words are divisible by 3. It follows that [56, 19, 18] 3 is self orthogonal. From the Grassl tables, the optimal ternary linear code of length 56 and dimension 19 has a minimum weight of 21 (see [20] ). From this, we conclude that [56, 19, 18] 3 is a not optimal and is at a distance of 3 from the optimal. The code [56, 19, 18] 3 is represented by the maximal sub-module of dimension 19. This maximal sub-module is irreducible as it decomposes into the trivial 1 and 0 dimensional sub-modules. The code [56, 19, 18] 3 is therefore irreducible.
Case (ii)
The linear code C56,3 has code words with weights all divisible by 3 from the weight distribution provided above. Similarly, it follows that C56,3 is self orthogonal. The Automorphism Group of C56,3 has order 80640 = 2 2 × 20160. The composition factors of this automorphism group are two cyclic groups of order 2 and a primitive group of order 20160. The code C56,3 is invariant under L3(4) and hence by a result in [8] , L3(4) ⊆ Aut(C56,3) . On the other hand, the code words of C56,6 have weights all divisible by 3 hence C56,6 is also self orthogonal. The Automorphism Group of C56,6 has order 80640 = 2 2 × 20160. The composition factors of this automorphism group are two cyclic groups of order 2 and a primitive group of order 20160, similar to that of C56,3. The code C56,6 is invariant under L3(4) and hence L3(4) ⊆ Aut(C56,6) . We thus conclude that the Aut(C56,3) = Aut(C56,6) ∼ = L3(4).2 2 .
Case (iii) From table 10, the order of the automorphism groups of the codes C56,i for i = 1, 7, 8, 10, 13, 15 and 16 is 161,280. We obtained the composition factors of this group of order 161,280 to be three cyclic subgroups of order 2 and a primitive group of order 20160 from MAGAMA.
Since these codes are all invariant under L3(4), it follows that L3(4) ⊆ Aut(C56,i) for i = 1, 7, 8, 10, 13, 15 and 16. Therefore, Aut(C56,i) = L3(4).2 3 for the cited cases.
Case (iv)
Let G be the automorphism group of the codes C56,i for i := 2, 3, 6, 11, 12 and 14. Computations from magma show that the automorphism groups of these codes have an order of 161280 and are isomorphic. As proved in part (iii) above, the composition factors of this automorphism group are two cyclic groups of order 2 and a primitive group of order 20160. These codes are invariant under L3(4) and hence L3(4) ⊆ Aut(C56,i). We thus conclude that the automorphism group is L3(4).2 2 .
Case (v)
Follows a similar fashion used in proofs of parts (iii) and (iv) with modifications. Thus, Aut(C56,i) = L3(4).2 for i=5,9.
Ternary linear codes of length 120 invariant under L 3 (4)
From Figure 2 below illustrates the lattice diagram of the maximal sub-modules.
From the maximal sub-modules, we obtained 32 non trivial ternary linear codes up to isomorphism invariant under L3(4) as well as their respective duals. In the tables below, we indicate the codes generated, denoting them as C120,i and their duals as C ⊥ 120,i for i = 1, 2, · · · , 32 respectively. Due to the large dimensions of some of these codes, we did not manage to find the minimum distance of all the codes. We provide a partial listing of their weight distributions, and the properties obtained. 
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. automorphism group of C120, 3 . We now prove that the group of order 20160 is L3 (4) . The code C120,3 is invariant under L3(4) and thus L3(4) is a subset of the Automorphism group. Similarly, the weights of the codewords of C120,4, are all divisible by 3 so this code is self orthogonal. Its automorphism group is also of order 161280 = 2 3 × 20160. Up to isomorphism, this group also decomposes into a primitive subgroup of order 20160 and three cyclic subgroups of order 2. The code C120,4 is invariant under L3(4) and thus L3(4) is a subset of the Automorphism group. We can then deduce thatAut(C56, 3) ∼ = Aut(C56,4) ∼ = L3(4) · 2 3 .
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Codes and Designs by Construction Method 2
We used the method derived by Key and Moori [18] to generate ternary linear codes from the 21, 56 and 120 -dimensional representations of L3 (4) . Using this method, we generate 1 − (n, | △ |, | △ |) symmetric designs for n = 21,56 and 120 from the orbits of the stabilizers of the elements of the subgroups. Further, we obtain the union of these stabilizers and generate designs from their orbits. For a design D and the prime 3, the ternary code of the design is the code over F3 generated by the rows of the incidence matrix. From this, we construct the ternary linear codes and discuss their Automorphism groups. The results are presented in the table below. Using this method, we were able to construct three trivial ternary linear codes. From table 1, we obtain the lengths of the orbits of the stabilizers of the elements of the subgroups. These are; 1, 10, 20, 21, 42, 45 and 56. We obtain the designs constructed from these orbits. Further, the unions of these orbits generate orbits of lengths; 11, 22, 43, 46, 57, 63, 77 and 98. All the designs from these orbits are listed in the table above. The table also contains the codes constructed from the incidence matrices of these designs. (ii) We obtained 10 non trivial codes using this method, all previously generated using the first method of construction.
(iii)The unique 2 -(56, 11, 2) self-dual symmetric design as found in [8] , was also obtained using this method.
(iv) Isomorphic linear ternary codes such as [120, 36, 22]3 were constructed from the incidence matrices of the designs 1 -(120, 22, 22) and 1 -(120, 98, 98).
Theorem 5.1. The [120, 99, 6]3 ternary linear code represented as the C ⊥ 120,4 code in table 15 was constructed from the incidence matrix of the 1 -(120, 21, 21) and 1 -(120, 42, 42) designs. Its dual code is [120, 21, 30] 3 with the automorphism group isomorphic to L3(4).2 3 .
Proof. From the four orbits of lengths 1, 21, 42 and 56 we generate the 1 -(120, 1, 1), 1 -(120, 21, 21), 1 -(120, 42, 42) and 1 -(120, 56, 56) designs respectively. From the incidence matrices of these designs, we were able to generate ternary linear codes and their duals. The first and last designs generated trivial codes while the second and forth generated the ternary linear code [120, 99, 6]3. This code has an automorphism group of order 161280. From our magma computations, we were able to find the dual of this code which is the [120, 21, 30]3 code with an automorphism group of order 161280. The composition factors of this automorphism group are two cyclic groups of order 2 and a primitive group of order 20160. There are two primitive groups of order 20160 which are A8 and L3 (4) . These codes are invariant under L3(4) which leads to the deduction that L3(4) is a subset of the automorphism group. Further calculations from MAGMA show that the automorphism group of the design is of order 80640. So, it holds that G ⊂ Aut(Des), Aut(Des) ⊂ Aut(C56,6). Therefore, we can deduce that L3(4) ⊂ Aut(C56,6). It therefore holds that Aut(C56,6) ⊂ L3(4).2 3 .
Theorem 5.2. The self-orthogonal non trivial ternary linear code C56,1 with minimum weight 18 is constructed from the incidence matrix of the 1 -(56, 45, 45) self -dual symmetric design. C56,1 is the [56, 19, 18] 3 with the automorphism group Aut(C56,1) ∼= L3(4) : 2 3 . The automorphism group of the design is Aut(Des) ∼ = L3(4) : 2 2
Proof. : The automorphism group of C56,1 has an order of 80640 = 2 2 × 20160. The composition factors of Aut(C56,1) are three cyclic groups of order 2 and a primitive group of order 20160. There are two primitive groups of order 20160 which are A8 and L3 (4) . This code is invariant under L3(4) which leads to the deduction that L3(4) is a subset of its automorphism group. Therefore, Aut(C56,1) = L3(4).2 2 . Let Aut(Des) denote the automorphism group of the 1 -(56, 45, 45) design that was obtained from an orbit of length 45. From our MAGAMA computations, we found that the order of Aut(Des) is 80640. But it follows that G ⊂ Aut(Des) and Aut(Des) ⊂ Aut(C56,1). Since |Aut(Des)| = 80640 and |Aut(C56,1)| = 161280, by Lagrange's Theorem, it holds that Aut(Des) ⊂ Aut(C56,1) and since G ⊂ Aut(Des), then Aut(Des) ∼= L3(4).2 2 . Again, from the weight distribution tables, it holds that C56,1 is the code [56, 19, 18] 3 which is a self-orthogonal code.
